Introduction.
The classical Hardy inequality [3] states that: for f (x) ≥ 0, p > 1, 1/p + 1/q = 1, and 0 < where the constant p p in (1.2) is still best possible.
Bicheng et al. [2] gave some new generalizations of (1.1) which can be stated as follows:
Recently, Becheng and Debnath [1] gave improvement of (1.3) and some generalizations of (1.2):
In this paper, we show some new improvements and generalizations of the inequalities (1.1) and (1.2).
Main results
Then, there exists a real number x 0 ∈ (a, ∞) such that, for any x > x 0 , the following inequality is true:
Proof. By Hölder's inequality, we have
We need to show that there exists a real number x 0 ∈ (a, ∞), such that (2.2) does not assume equality for any x > x 0 . Otherwise, there exists x = x n ∈ (a, ∞), where n = 1, 2, 3,...,x n ↑ ∞, such that (2.2) becomes an equality. By the same argument, there exists a real number c > 0, and an integer N, such that for n > N,
This is a contradiction to the fact that 0 < ∞ a f p (t)dt < ∞. Hence, (2.1) holds true and the proof is complete.
for any x ∈ (0,x 0 ), the following inequality is true:
(2.5)
Proof. For any x ∈ (0,b), by Hölder's inequality, we have 
a.e. in x n ,b .
Since f (t) ≠ 0 a.e. in (0,b), there exists an integer N such that, for n > N, f (t) ≠ 0 a.e. in (0,x n ). Thus, for both c n = c ≠ 0 and for any x ∈ (a, x 0 ), the following inequality is true:
(2.9)
Proof. For any x ∈ (a, ∞), by Hölder's inequality, we have
(2.10)
We show that there exists a real number x 0 ∈ (a, ∞), such that (2.10) does not assume equality for any x ∈ (a, x 0 ). Otherwise, there exists x = x n ∈ (a, ∞), where n = 1, 2, 3,...,x n ↓ a, such that (2.10) becomes an equality. By the same argument there exist a real number c > 0, and an integer N, such that for n > N,
a.e. in x n , ∞ ,
and hence
Hence (2.9) is valid and this completes the proof of the lemma.
where the constant
Proof. In view of the proof of Lemma 2.1, we obtain
where the weight function g(t) is defined by
is a nonconstant continuous function, then by (2.14) we have (2.12). Since g(b) = 0, and for any t ∈ [a, b), 
